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Abstract
We consider the energy levels of a hydrogen-like atom in the framework of θ-
modified, due to space noncommutativity, Dirac equation with Coulomb field. It is
shown that on the noncommutative (NC) space the degeneracy of the levels 2S1/2, 2P1/2
and 2P3/2 is lifted completely, such that new transition channels are allowed.
1 Introduction
Possible physically observable consequences of noncommutativity of space coordinates have
attracted recently a lot of attention in order to justify the intensive study of noncommutative
versions of QFT and quantum mechanics, mainly motivated by the seminal works [1, 2]. The
results of Ref. [3] show, e.g., that the noncommutativity leads to a deviation of the energy
levels of the hydrogen atom from the well-known structure obtained in the framework of
standard quantum mechanics. The results of [3] show that the degenerate levels 2S − 2P
split in three others levels. However, the calculations of [3] were done in the framework of
θ-modified nonrelativistic Schro¨dinger equation with Coulomb field. It is interesting to refine
these results, considering a noncommutative modification of the energy levels of the hydrogen
atom in the framework of the θ-modified Dirac equation with the Coulomb field, which is
the relativistic Schro¨dinger equation for the case under consideration. Such a problem is
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solved in the present work. We show that in contrast with the nonrelativistic case, the
noncommutativity lifts completely the degeneracy of the levels 2P1/2 and 2P3/2, opening
new allowed transition channels.
2 θ-modified Dirac equation with Coulomb field
The behavior of an electron with charge −e (e > 0) and mass m in the Coulomb field of
a nucleus Ze, in a noncommutative space, is determined by the θ-modified Dirac equation,
whose Hamiltonian form is
i
∂
∂t
Ψ (x) = HˆθΨ (x) , Hˆθ = (α · pˆ) +mγ0 − eA0 (q) ,
αi ≡ γ0γi , α = (αi) , pˆ = (pi) , (1)
where Ψ (x) is a four component spinor, pˆ = −i∇, γµ are the Dirac matrices and the θ
-modified Coulomb potential A0 (q) reads
A0 (q) = A0
(
xi − 1
2
θij pˆj
)
=
Ze√(
xi − 1
2
θij pˆj
) (
xi − 1
2
θikpˆk
) , i, j, k = (1, 2, 3) , (2)
where θjk is the constant anti-symmetric noncommutativity parameter that defines the alge-
bra of noncommutative position operators qi,
[
qj , qk
]
= iθjk (see, e.g., [4]). In what follows
we call Hˆθ the θ-modified Dirac Hamiltonian with Coulomb field on a noncommutative space.
Setting θi = εijkθ
jk (εijk is the Levi-Civita simbol with the usual definition) and denoting
r =
√
xixi, the potential (2) can be written as
A0
(
xi − 1
2
θij pˆj
)
=
Ze
r
+
1
4
Ze
r3
(
Lˆ · θ
)
+O
(
θ2
)
, θ =
(
θi
)
,
where Lˆ = [x× pˆ] is the angular momentum operator. Therefore the θ-modified Dirac Hamil-
tonian takes the form
Hˆθ = Hˆ + Vˆ θ +O
(
θ2
)
, (3)
Hˆ = (α · p) +mγ0 − Ze
2
r
, Vˆ θ = −1
4
Ze2
r3
(
Lˆ · θ
)
. (4)
Using the exact eigenfunctions of Hˆ and treating Vˆ θ as a perturbation of the ordinary
Dirac Hamiltonian Hˆ, one can calculate the modification of energy levels of the hydrogen
atom in the framework of θ-modified Dirac equation. The spectrum of Hˆ and the corre-
sponding eigenfunctions are well known, see [5, 6, 7, 9]. Below, we list the spectrum and the
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eigenfunctions of Hˆ for Z < 137:
HˆΨN,j,M,ζ = EN,jΨN,j,M,ζ , ζ = ±1 , EN,j = m√
1 +
(
Ze2
γ+N
)2 ,
N =
{
1, 2, ... , ζ = 1
0, 1, 2... , ζ = −1 , γ =
√
κ2 − (Ze2)2 , κ = ζ
(
j +
1
2
)
,
Jˆ2ΨN,j,M,ζ = j (j + 1)ΨN,j,M,ζ , Jˆ3ΨN,j,M,ζ = MΨN,j,M,ζ ,
Jˆ = Lˆ+
1
2
Σ , Σ = diag (σ,σ) , j =
1
2
,
3
2
, . . . , −j ≤M ≤ j ,
where σ = (σi) are the Pauli matrices and the bispinors ΨN,j,M,ζ are given by
ΨN,j,M,ζ (r, ϑ, ϕ) =
1
r
(
Ωj,M,ζ (ϑ, ϕ)F
+
N,j,ζ (r)
iΩj,M,−ζ (ϑ, ϕ)F
−
N,j,ζ (r)
)
,
Ωj,M,ζ (ϑ, ϕ) =
ζ√
2j + ζ + 1

 −
√(
j + ζ
2
)− ζM + 1
2
Yj+ ζ
2
,M− 1
2
(ϑ, ϕ)√(
j + ζ
2
)
+ ζM + 1
2
Yj+ ζ
2
,M+ 1
2
(ϑ, ϕ)

 , (5)
where YA,B (ϑ, ϕ) are the spherical harmonics [6, 7] and
F±N,j,ζ (r) = ±Aλ±Nzγ−1e−z/2 [(ηN − κ) Φ (−N, β; z)∓NΦ (−N + 1, β; z)] ,
A =
(2λN)
3/2
2Γ (β)
√
Γ (β +N)
ηN (ηN − κ)N ! , λ
±
N =
√
1± EN,j
m
, λN = mλ
+
Nλ
−
N ,
β = 2γ + 1 , ηN = Ze
2m/λN , z = 2λNr , (6)
where Φ (a, b; z) is the hypergeometric confluent function (see [10] for definition).
3 θ-modification of energy levels
As it was shown in [3], for the hydrogenic atoms, without spin-orbit interaction, the nonrel-
ativistic energy levels of the θ-modified Hamiltonian Hˆnr,
Hˆnr =
pˆ2
2m
− Ze
2
r
, (7)
are characterized by a lift of degeneracy in the quantum number l = j+ζ/2 (eigenvalue of Lˆ2
operator), implying certain splittings of the energy levels. Thus, there appears a possibility
of new transition channels with distinct projections of total angular momentum M , i.e., in
the spectroscopic notation, transitions like nlMj −→ nlM ′j (for l 6= 0), where n = N + |κ| is
the nonrelativistic principal quantum number, eigenvalue of the radial differential operator
3
of (7). The perturbation due to the noncommutativity is given by the same operator Vˆ θ
as in (4), but it is calculated with the nonrelativistic wave functions, whose correction on
degenerate levels, in leading order, is obtained by computing the eigenvalues of the secular
matrix ∆Enr, its elements being defined as
∆Enraa′ = −
Ze2
4
∫ ∞
0
dr r2
∫ 4pi
0
dΩ
{
ψ†n,a (r, ϑ, ϕ)
[
Lˆ · θ
r3
]
ψn,a′ (r, ϑ, ϕ)
}
, (8)
where the label a = (l, j,M) is the collection of the three degenerated nonrelativistic quantum
numbers and
ψn,a (r, ϑ, ϕ) ≡ ψn,l,j,M (r, ϑ, ϕ) = Rn,l (r)χj,M (ϑ, ϕ) ,
ˆ2χj,M (ϑ, ϕ) =
(
Lˆ+σ/2
)2
χj,M (ϑ, ϕ) = j (j + 1)χj,M (ϑ, ϕ)
are the eigenfunctions of (7), Hˆnrψn,a = Enψn,a.
In order to obtain the θ-modification of the 2S1/2, 2P1/2, 2P3/2 levels, we emphasize that
Vˆ θ is a vectorial operator and, according to angular momentum selections rules, allowed
transitions are between levels with ∆M ≡ |M −M ′| = 0, 1 and ∆l ≡ |l − l′| = 0 [8]. The
6× 6 secular matrix ∆Enr has three degenerate eigenvalues represented as ∆Enr0 and ∆Enr±
and, restoring ~ and c, these corrections have the form
∆Enr0 = 0 , ∆E
nr
± = −
mc2
4
(
Z2α2
λe
)2(
1
24
)
(± |θ|) , |θ| =
√
θiθi , (9)
where α = e2/~c is the fine structure constant, λe = λe/2π = ~/mc and λe is the electron
Compton wavelength. The same results are obtained if we choose θ1 = θ2 = 0 and θ3 6= 0
(which can be done by a rotation or a redefinition of coordinates). With this choice, |θ| = θ3,
and the diagonal elements can be calculated using the general formulae obtained in [3]. Since
the goal of [3] is the study of the transition 1 2P1/2 → 2S1/2, it does not contain the expression
for the nondiagonal elements of ∆Enrbb′ . For these nondiagonal elements, we have
∆Enrbb′ = −
Ze2
4
∫ ∞
0
dr r2
∫ 4pi
0
dΩ
{
ψ†
2,b (r, ϑ, ϕ)
[
Lˆ · θ
r3
]
ψ2,b′ (r, ϑ, ϕ)
}
= −mc
2
4
(
Z2α2
λe
)2(
1
24
)(√
2
3
θ3
)
, b =
(
1,
1
2
,±1
2
)
, b′ =
(
1,
3
2
,±1
2
)
. (10)
1Rigorously this transition does not exist, as the perturbed level is actually a superposition of the degen-
erated levels 2P1/2 and 2P3/2, and only the quantum number M is well defined. But this consideration does
not change the numerical value of the transition and, consequently, could be ignored in [3].
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With this definition of coordinates,
[
Jˆ3,Vˆ
θ
]
= 0, therefore the eigenstates of Hˆθ,nr = Hˆnr +
Vˆ θ, in leading order, have the magnetic quantum number M well defined. This result allows
us to conclude that, in nonrelativistic case, the 2S − 2P levels split in three other levels, all
of them twofold degenerate, as illustrated in Figure 1.
In the relativistic theory, the θ-modification of the energy levels are obtained by com-
puting the eigenvalues of the secular matrix ∆Erel, characterized by the mean values of the
operator Vˆ θ (4), but now with respect to the Dirac spinors ΨN,j,M,ζ (5), with the same an-
gular momentum selection rules, i.e., ∆M ≡ |M −M ′| = 0, 1 and ∆l ≡ |l − l′| = 0. The
perturbation operator Vˆ θ does not mix the small F−N,j,ζ (r) and the big F
+
N,j,ζ (r) components
of the Dirac spinor (5), so ∆Erel consists of two terms, which read:
∆Erelµµ′ = −
Ze2
4
∫ ∞
0
dr
r
[(
F+N,j,ζ
)∗
F+N,j,ζ′
] ∫ 4pi
0
dΩ
{
Ω†j,M,ζ
(
Lˆ · θ
)
Ωj,M ′,ζ′
}
− Ze
2
4
∫ ∞
0
dr
r
[(
F−N,j,ζ
)∗
F−N,j,ζ′
] ∫ 4pi
0
dΩ
{
Ω†j,M,−ζ
(
Lˆ · θ
)
Ωj,M ′,−ζ′
}
,
where the label µ = (M, ζ) is the set of two degenerated relativistic quantum numbers.
However, F−N,j,ζ (r) is approximately by 1/c smaller then F
+
N,j,ζ (r), so we can neglect the
terms proportional to small components, retaining only the first term above.
We are interested in calculating the θ-modifications of the relativistic energy of the 2S, 2P
levels. The nonrelativistic degeneracy in the quantum number j is naturally removed in the
Dirac theory, in such a way that the level 2P3/2 is lifted from the still degenerate 2S1/2, 2P1/2
levels. The space noncommutativity leads to additional splittings and a separate analysis
for the j = 1/2 and j = 3/2 relativistic energy levels is required. The elements of the secular
matrix ∆Erel (j), in leading order, are
∆ErelMM ′ (j) = −
Ze2
4
∫ ∞
0
dr r2
∣∣F+N,j,ζ∣∣2
∫ 4pi
0
dΩ
{
Ω†j,M,ζ
[
Lˆ · θ
r3
]
Ωj,M ′,ζ
}
, (11)
whose results, for each level, follow below.
3.1 Relativistic NC correction for the 2P1/2 level
The θ-correction for the 2P1/2 level
(
N = 1 , j = 1/2 , ζ = 1 , M = ±1
2
)
follows from (11):
∆ErelMM ′ (1/2) = −
Ze2
4
̺1/2Θ
rel
MM ′ ,
̺1/2 =
∫ ∞
0
dr
r
∣∣∣F+
1, 1
2
,1
(r)
∣∣∣2 , ΘrelMM ′ =
∫ 4pi
0
dΩ
[
Ω∗1
2
,M,1
(
Lˆ · θ
)
Ω 1
2
,M ′,1
]
. (12)
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Expressing the hypergeometric confluent functions (6) in terms of exponentials and polyno-
mials, we obtain
̺1/2 = (2λ1)
3
[
β1
(
λ+1
)2
4η1 (η1 − 1) (β1 − 1) (β1 − 2) (β1 − 3)
]{
(η1 − 2)2
−
[
2 (η1 − 2) (η1 − 1) (β1 − 3)
β1
]
+
(
η1 − 1
β1
)2
(β1 − 2) (β1 − 3)
}
, (13)
η1 = Ze
2m
λ1
, γ1 =
√
1− (Ze2)2 , β1 = 2γ1 + 1 ,
with λ+1 , λ1 given in (6). The matrix Θ
rel, whose elements are ΘrelMM ′, reads
Θrel =
2
3
(
−θ3 θ+
θ− θ3
)
, θ± = θ1 ± iθ2 , (14)
and its eigenvalues, denoted by Λ±j , are
Λ±
1/2 = ±
2
3
|θ| , |θ| =
√
θiθi . (15)
The θ-corrections to the relativistic energy of the 2P1/2 level, ∆E
rel
± (j), restoring ~ and
c, reads
∆Erel± (1/2) = −
Ze2
4
̺1/2Λ
±
1/2
= −mc2
(
Z2α2
λe
)2(
±|θ|
3
){( (
λ+1
)2
β1
(β1 − 1) (β1 − 2) (β1 − 3)
)
×
(
1
η41 (η1 − 1)
)[
(η1 − 2)2 −
(
2 (η1 − 2) (η1 − 1) (β1 − 3)
β1
)
+
(
η1 − 1
β1
)2
(β1 − 2) (β1 − 3)
]}
. (16)
Therefore there is a splitting of this level in such way that the originally degenerate level
2S1/2 , 2P1/2 splits in three sublevels. Similarly to the nonrelativistic case, the same results
can be obtained by choosing a reference frame where θ1 = θ2 = 0 and θ3 6= 0. The advantage
of this frame is that
[
Jˆ3, Vˆ
θ
]
= 0 and therefore, the new states have the magnetic quantum
number M well defined. In this reference frame, the splitting of the level 2S1/2 , 2P1/2 in the
three levels 2P
+1/2
1/2 , 2S1/2, 2P
−1/2
1/2 is illustrated in Figure 1.
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3.2 Relativistic NC correction for the 2P3/2 level
According to (11), the θ-correction for the 2P3/2 level (N = 0, j = 3/2, ζ = −1, M =
±1/2, ±3/2) is
∆ErelMM ′ (3/2) = −
Ze2
4
̺3/2Θ
rel
MM ′ , (17)
where the radial integral is
̺3/2 =
∫ ∞
0
dr
r
∣∣∣F+
0, 3
2
,−1 (r)
∣∣∣2 = 4 (λ0)3
[ (
λ+0
)2
(β2 − 1) (β2 − 2)(β2 − 3)
]
, (18)
γ2 =
√
4− (Ze2)2 , β2 = 2γ2 + 1 ,
with λ+0 , λ0 given in (6). Compared to the previous case, the matrix Θ
rel is now a 4×4-matrix,
whose elements are
ΘrelMM ′ =
∫ 4pi
0
dΩ
[
Ω∗3
2
,M,−1
(
Lˆ · θ
)
Ω 3
2
,M ′,−1
]
, (19)
and explicitly is given by
Θrel =


−θ3 1√
3
θ+ 0 0
1√
3
θ− −13θ3 23θ+ 0
0 2
3
θ− 13θ3
1√
3
θ+
0 0 1√
3
θ− θ3

 , θ± = θ1 ± iθ2 . (20)
Its four nondegenerate eigenvalues, Λ±j and Λ
±′
j , are
Λ±
3/2 = ± |θ| , Λ±′3/2 =
Λ±
3/2
3
, |θ| =
√
θiθi . (21)
The θ-corrections for the 2P3/2 level, in dimension of energy (restoring ~ and c), have the
form
∆Erel (3/2)± = −Ze
2
4
̺3/2Λ
±
3/2 , ∆E
rel (3/2)±′ =
∆Erel (3/2)±
3
,
∆Erel (3/2)± = −mc
2
4
(
Z2α2
λe
)2
(± |θ|)
(
λ+0
)2
2 (β2 − 1) (β2 − 2)(β2 − 3) . (22)
Choosing again the reference frame where θ1 = θ2 = 0 and θ3 6= 0, we have
[
Jˆ3, Vˆ
θ
]
= 0
and the level 2P3/2 splits in the four levels 2P
+1/2
3/2 , 2P
−1/2
3/2 , 2P
+3/2
3/2 , 2P
−3/2
3/2 , as illustrated
in Figure 1.
The energy levels and their modifications due to presence of space noncommutativity, for
the relativistic and nonrelativistic cases, are shown2 in Figure 1.
2On this figure, the energy splits indicated by the dashed-point arrow comes from the usual Dirac equation,
so it does not depends on θ and this split can not be compared with the others θ-modified levels.
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Figure 1 – Splittings for relativistic and nonrelativistic energy levels due to space noncom-
mutativity. All numerical values of the coefficients of the first-order θ-corrections are in units
of eV/m2.
We conclude that, from the point of view of the θ-modified relativistic Dirac theory there
is an additional, in contrast to the nonrelativistic case, splitting of some degenerate levels and
there appear new transition channels. In particular, in the presence of the space noncommu-
tativity, the degenerate levels 2S1/2, 2P1/2 split into three nondegerenerate sublevels and the
level 2P3/2 splits into four nondegenerate sublevels, and the transition 2P
±1/2
1/2 −→ 2S1/2 is
possible. Except for the spherically symmetric levels 2S
±1/2
1/2 , these results show that in the
noncommutative relativistic theory degeneracy is completely removed. The obtained results
show explicitly the dependence of the energy levels of the hydrogen atom on the noncom-
mutative parameter. Once these energy levels can be measured experimentally with a high
accuracy, the actual spectroscopy data can be used to impose bounds on the value of the
noncommutativity parameter θ.
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